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Ëåêöèÿ 7.

Âîëíîâûå àëãîðèòìû.

Ôàçîâûé àëãîðèòì.

Àëãîðèòì Ôèííà.

Ðàñïðåäåëåííûå àëãîðèòìû îáõîäà:

îñíîâíûå ñâîéñòâà.

Àëãîðèòì îáõîäà Òàððè.

Ðàñïðåäåëåííûé îáõîä â ãëóáèíó.

Àëãîðèòìû Àâåðáàõà è Ñèäîíà.



Âîëíîâûå àëãîðèòìû

Îïðåäåëåíèå.

Âîëíîâûì àëãîðèòìîì íàçûâàåòñÿ ðàñïðåäåëåííûé àëãîðèòì,

êîòîðûé óäîâëåòâîðÿåò ñëåäóþùèì òðåì òðåáîâàíèÿì.

1. Çàâåðøåíèå. Êàæäîå âû÷èñëåíèå êîíå÷íî:

∀C : |C | <∞.

2. Ðåøåíèå. Êàæäîå âû÷èñëåíèå ñîäåðæèò õîòÿ áû îäíî

ñîáûòèå ðåøåíèÿ:

∀C : ∃e ∈ C : e ÿâëÿåòñÿ ñîáûòèåì ðåøåíèÿ decide.

3. Çàâèñèìîñòü. Â ëþáîì âû÷èñëåíèè âñÿêîìó ñîáûòèþ

ðåøåíèÿ ïðåäøåñòâóåò â ïðè÷èííî-ñëåäñòâåííîì

îòíîøåíèè õîòÿ áû îäíî ñîáûòèå â êàæäîì èç ïðîöåññîâ:

∀C : ∀e ∈ C : (e �ñîáûòèå decide ⇒ ∀q ∈ C : ∃f ∈ Cq : f � e).



Âîëíîâûå àëãîðèòìû

Âîëíîâûå àëãîðèòìû ïðèãîäíû äëÿ ðåøåíèÿ ñëåäóþùèõ çàäà÷:

1. Øèðîêîâåùàòåëüíîå ðàñïðîñòðàíåíèå èíôîðìàöèè ñ

ïîäòâåðæäåíèåì.

2. Ñèíõðîíèçàöèè ïðîöåññîâ ñèñòåìû.

3. Âû÷èñëåíèÿ ãëîáàëüíîé ôóíêöèè òî÷íîé íèæíåé

ãðàíè.

4. è ìíîãèõ äðóãèõ (èçáðàíèÿ ëèäåðà, îáíàðóæåíèÿ

çàâåðøåíèÿ è äð.)



Âîëíîâûå àëãîðèòìû

Îñíîâíûå âîëíîâûå àëãîðèòìû:

1. Âîëíîâûå àëãîðèòìû â êîëüöàõ.

2. Äðåâåñíûé âîëíîâîé àëãîðèòì.

3. Àëãîðèòì ýõà.

Íî ýòè àëãîðèòìû ðàáîòàþò òîëüêî â ñåòÿõ ñ äâóñòîðîííèìè

êàíàëàìè ñâÿçè (íåîðèåíòèðîâàííûìè ãðàôàìè).

Ðàññìîòðèì åùå íåñêîëüêî áîëåå îáùèõ àëãîðèòìîâ: ôàçîâûé

àëãîðèòì è àëãîðèòì Ôèííà.



Âîëíîâûå àëãîðèòìû

Îñíîâíûå âîëíîâûå àëãîðèòìû:

1. Âîëíîâûå àëãîðèòìû â êîëüöàõ.

2. Äðåâåñíûé âîëíîâîé àëãîðèòì.

3. Àëãîðèòì ýõà.

Íî ýòè àëãîðèòìû ðàáîòàþò òîëüêî â ñåòÿõ ñ äâóñòîðîííèìè

êàíàëàìè ñâÿçè (íåîðèåíòèðîâàííûìè ãðàôàìè).

Ðàññìîòðèì åùå íåñêîëüêî áîëåå îáùèõ àëãîðèòìîâ: ôàçîâûé

àëãîðèòì è àëãîðèòì Ôèííà.



Ôàçîâûé àëãîðèòì
Ôàçîâûé àëãîðèòì ÿâëÿåòñÿ äåöåíòðàëèçîâàííûì àëãîðèòìîì,

ïðèãîäíûì äëÿ ñåòåé ñ ïðîèçâîëüíîé òîïîëîãèåé. Åãî ìîæíî

èñïîëüçîâàòü â êà÷åñòâå âîëíîâîãî àëãîðèòìà äëÿ

îðèåíòèðîâàííûõ ñåòåé.

Â ýòîì àëãîðèòìå òðåáóåòñÿ, ÷òîáû âñå ïðîöåññû ðàñïîëàãàëè

ñâåäåíèÿìè î äèàìåòðå ñåòè D . Àëãîðèòì áóäåò îñòàâàòüñÿ

êîððåêòíûì (õîòÿ è ìåíåå ýôôåêòèâíûì), åñëè âñå ïðîöåññû

áóäóò èñïîëüçîâàòü âìåñòî D êîíñòàíòó D ′ , ïðåâûøàþùóþ
äèàìåòð ñåòè.

Ôàçîâûé àëãîðèòì ìîæíî ïðèìåíÿòü äëÿ âñÿêîé

îðèåíòèðîâàííîé ñåòè, ïî êàíàëàì êîòîðîé îñóùåñòâëÿåòñÿ

îäíîñòîðîííÿÿ ïåðåäà÷à ñîîáùåíèé. Â ýòîì ñëó÷àå ñîñåäÿìè

âåðøèíû p áóäóò ñîñåäè íà âõîäå (ïðîöåññû, êîòîðûå ìîãóò

îòïðàâëÿòü ñîîáùåíèÿ ïðîöåññó p ) è ñîñåäè íà âûõîäå

(ïðîöåññû, êîòîðûì p ìîæåò îòïðàâëÿòü ñîîáùåíèÿ). Ñîñåäè p
íà âõîäå îáðàçóþò ìíîæåñòâî Inp , à ñîñåäè íà âûõîäå �

ìíîæåñòâî Outp .



Ôàçîâûé àëãîðèòì
Ôàçîâûé àëãîðèòì ÿâëÿåòñÿ äåöåíòðàëèçîâàííûì àëãîðèòìîì,

ïðèãîäíûì äëÿ ñåòåé ñ ïðîèçâîëüíîé òîïîëîãèåé. Åãî ìîæíî

èñïîëüçîâàòü â êà÷åñòâå âîëíîâîãî àëãîðèòìà äëÿ

îðèåíòèðîâàííûõ ñåòåé.

Â ýòîì àëãîðèòìå òðåáóåòñÿ, ÷òîáû âñå ïðîöåññû ðàñïîëàãàëè

ñâåäåíèÿìè î äèàìåòðå ñåòè D . Àëãîðèòì áóäåò îñòàâàòüñÿ

êîððåêòíûì (õîòÿ è ìåíåå ýôôåêòèâíûì), åñëè âñå ïðîöåññû

áóäóò èñïîëüçîâàòü âìåñòî D êîíñòàíòó D ′ , ïðåâûøàþùóþ
äèàìåòð ñåòè.

Ôàçîâûé àëãîðèòì ìîæíî ïðèìåíÿòü äëÿ âñÿêîé

îðèåíòèðîâàííîé ñåòè, ïî êàíàëàì êîòîðîé îñóùåñòâëÿåòñÿ

îäíîñòîðîííÿÿ ïåðåäà÷à ñîîáùåíèé. Â ýòîì ñëó÷àå ñîñåäÿìè

âåðøèíû p áóäóò ñîñåäè íà âõîäå (ïðîöåññû, êîòîðûå ìîãóò

îòïðàâëÿòü ñîîáùåíèÿ ïðîöåññó p ) è ñîñåäè íà âûõîäå

(ïðîöåññû, êîòîðûì p ìîæåò îòïðàâëÿòü ñîîáùåíèÿ). Ñîñåäè p
íà âõîäå îáðàçóþò ìíîæåñòâî Inp , à ñîñåäè íà âûõîäå �

ìíîæåñòâî Outp .



Ôàçîâûé àëãîðèòì
Ôàçîâûé àëãîðèòì ÿâëÿåòñÿ äåöåíòðàëèçîâàííûì àëãîðèòìîì,

ïðèãîäíûì äëÿ ñåòåé ñ ïðîèçâîëüíîé òîïîëîãèåé. Åãî ìîæíî

èñïîëüçîâàòü â êà÷åñòâå âîëíîâîãî àëãîðèòìà äëÿ

îðèåíòèðîâàííûõ ñåòåé.

Â ýòîì àëãîðèòìå òðåáóåòñÿ, ÷òîáû âñå ïðîöåññû ðàñïîëàãàëè

ñâåäåíèÿìè î äèàìåòðå ñåòè D . Àëãîðèòì áóäåò îñòàâàòüñÿ

êîððåêòíûì (õîòÿ è ìåíåå ýôôåêòèâíûì), åñëè âñå ïðîöåññû

áóäóò èñïîëüçîâàòü âìåñòî D êîíñòàíòó D ′ , ïðåâûøàþùóþ
äèàìåòð ñåòè.

Ôàçîâûé àëãîðèòì ìîæíî ïðèìåíÿòü äëÿ âñÿêîé

îðèåíòèðîâàííîé ñåòè, ïî êàíàëàì êîòîðîé îñóùåñòâëÿåòñÿ

îäíîñòîðîííÿÿ ïåðåäà÷à ñîîáùåíèé. Â ýòîì ñëó÷àå ñîñåäÿìè

âåðøèíû p áóäóò ñîñåäè íà âõîäå (ïðîöåññû, êîòîðûå ìîãóò

îòïðàâëÿòü ñîîáùåíèÿ ïðîöåññó p ) è ñîñåäè íà âûõîäå

(ïðîöåññû, êîòîðûì p ìîæåò îòïðàâëÿòü ñîîáùåíèÿ). Ñîñåäè p
íà âõîäå îáðàçóþò ìíîæåñòâî Inp , à ñîñåäè íà âûõîäå �

ìíîæåñòâî Outp .



Ôàçîâûé àëãîðèòì

Îñíîâíàÿ èäåÿ.

Â ôàçîâîì àëãîðèòìå âñÿêèé ïðîöåññ îòïðàâëÿåò
â òî÷íîñòè D ñîîáùåíèé êàæäîìó ñîñåäó íà
âûõîäå.

Ïðè ýòîì (i + 1) -å ñîîáùåíèå îòïðàâëÿåòñÿ
êàæäîìó ñîñåäó íà âûõîäå òîëüêî ïîñëå òîãî, êàê
áûëè ïîëó÷åíû i ñîîáùåíèé îò êàæäîãî ñîñåäà íà
âõîäå.

Êàê òîëüêî îò êàæäîãî ñîñåäà áóäåò ïîëó÷åíî â
òî÷íîñòè D ñîîáùåíèé, ïðîöåññ çàâåðøàåò
àëãîðèòì è ïðèíèìàåò ðåøåíèå.



Ôàçîâûé àëãîðèòì

cons D : integer = äèàìåòð ñåòè ;

var Recp[q] : 0..D init 0 äëÿ êàæäîãî q ∈ Inp ;

(* ×èñëî ñîîáùåíèé, ïîëó÷åííûõ îò q *)

Sentp : 0..D init 0 ;

(* ×èñëî ñîîáùåíèé, îòïðàâëåííûõ êàæäîìó ñîñåäó íà âûõîäå *)

begin if p is initiator then

begin forall r ∈ Outp do send 〈tok〉 to r ;
Sentp := Sentp + 1 end;

while minq Recp[q] < D do

begin receive 〈tok〉 (from neighbor q0) ;
Recp[q0] := Recp[q0] + 1 ;

if minq Recp[q] ≥ Sentp and Sentp < D then

begin forall r ∈ Outp do send 〈tok〉 to r ;
Sentp := Sentp + 1 end

end;

decide

end



Ôàçîâûé àëãîðèòì
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Ôàçîâûé àëãîðèòì
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Ôàçîâûé àëãîðèòì
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Ôàçîâûé àëãîðèòì
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Ôàçîâûé àëãîðèòì
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Ôàçîâûé àëãîðèòì
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Ôàçîâûé àëãîðèòì
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Ôàçîâûé àëãîðèòì
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Ôàçîâûé àëãîðèòì
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Ôàçîâûé àëãîðèòì
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Ôàçîâûé àëãîðèòì
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Ôàçîâûé àëãîðèòì
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Ôàçîâûé àëãîðèòì
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Ôàçîâûé àëãîðèòì

Ïî êàæäîìó êàíàëó ïåðåäàåòñÿ íå áîëåå D ñîîáùåíèé.

Äëÿ êàæäîãî ðåáðà pq âûðàæåíèå

f
(i)
pq îáîçíà÷àåò i -å ñîáûòèå îòïðàâëåíèÿ ïðîöåññîì p
ñîîáùåíèÿ ïðîöåññó q ,

g
(i)
pq îáîçíà÷àåò i -å ñîáûòèå ïðèåìà ïðîöåññîì q
ñîîáùåíèÿ îò ïðîöåññà p .

Åñëè â êàíàëàõ ïîääåðæèâàåòñÿ î÷åðåäíîñòü ñîîáùåíèé, òî

f
(i)
pq � g

(i)
pq î÷åâèäíî âûïîëíÿåòñÿ.

Îäíàêî îòíîøåíèå f
(i)
pq � g

(i)
pq ñîáëþäàåòñÿ è â òåõ ñëó÷àÿõ,

êîãäà êàíàë íå ÿâëÿåòñÿ î÷åðåäüþ.



Ôàçîâûé àëãîðèòì

Ëåììà 7.1.
Ñîîòíîøåíèå f

(i)
pq � g

(i)
pq ñîáëþäàåòñÿ è òîãäà, êîãäà êàíàë íå

ÿâëÿåòñÿ î÷åðåäüþ.

Äîêàçàòåëüñòâî.

Ïóñòü m` òàêîâî, ÷òî f
(m`)
pq � ýòî ñîáûòèå îòïðàâëåíèÿ ñîîá-

ùåíèÿ, êîòîðîå ñîîòâåòñòâóåò g
(`)
pq , ò.å. ïðè âûïîëíåíèè ` -ãî

ñîáûòèÿ ïðèåìà ïðîöåññ q ïîëó÷àåò m` -å ñîîáùåíèå îò p .

Ïî îïðåäåëåíèþ îòíîøåíèÿ � èìååì f
(m`)
pq � g

(`)
pq .

Êàæäîå ñîîáùåíèå ïðèíèìàåòñÿ îäíîêðàòíî, ïîýòîìó âñå m`

ðàçëè÷íû. Ñëåäîâàòåëüíî, õîòÿ áû îäíî èç ÷èñåë m1, . . . ,mi
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Ôàçîâûé àëãîðèòì
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Äîêàçàòåëüñòâî.

Ïóñòü m` òàêîâî, ÷òî f
(m`)
pq � ýòî ñîáûòèå îòïðàâëåíèÿ ñîîá-
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Ôàçîâûé àëãîðèòì

Òåîðåìà î ôàçîâîì àëãîðèòìå

Ôàçîâûé àëãîðèòì � ýòî âîëíîâîé àëãîðèòì.

Äîêàçàòåëüñòâî.

Ïî êàæäîìó êàíàëó îòïðàâëÿåòñÿ íå áîëåå D ñîîáùåíèé.

Çíà÷èò, âñå âû÷èñëåíèÿ àëãîðèòìà çàâåðøàþòñÿ.

Ïóñòü γ � çàêëþ÷èòåëüíàÿ êîíôèãóðàöèÿ âû÷èñëåíèÿ C .

Ñíà÷àëà ïîêàæåì, ÷òî êàæäûé ïðîöåññ îòïðàâèë õîòü îäíî

ñîîáùåíèå.

Ò.ê. â êîíôèãóðàöèè γ â êàíàëàõ íåò ñîîáùåíèé,

Recp[q] = Sentq äëÿ êàæäîãî êàíàëà qp .
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Ôàçîâûé àëãîðèòì

begin if p is initiator then

begin forall r ∈ Outp do send 〈tok〉 to r ;
Sentp := Sentp + 1 end;

while minq Recp[q] < D do

begin receive 〈tok〉 (from neighbor q0) ;
Recp[q0] := Recp[q0] + 1 ;

if minq Recp[q] ≥ Sentp and Sentp < D then

begin forall r ∈ Outp do send 〈tok〉 to r ;
Sentp := Sentp + 1 end

end;

decide

end

Êàæäûé èíèöèàòîð îòïðàâèë ñîîáùåíèå.



Ôàçîâûé àëãîðèòì

begin if p is initiator then

begin forall r ∈ Outp do send 〈tok〉 to r ;
Sentp := Sentp + 1 end;

while minq Recp[q] < D do

begin receive 〈tok〉 (from neighbor q0) ;
Recp[q0] := Recp[q0] + 1 ;

if minq Recp[q] ≥ Sentp and Sentp < D then

begin forall r ∈ Outp do send 〈tok〉 to r ;
Sentp := Sentp + 1 end

end;

decide

end

Êàæäûé íå-èíèöèàòîð îòïðàâëÿåò ïåðâîå ñîîáùåíèå âñåì

ñîñåäÿì ñðàçó ïîñëå ïîëó÷åíèÿ ïåðâîãî ñîîáùåíèÿ îò

êàêîãî-íèáóäü ñîñåäà.



Ôàçîâûé àëãîðèòì

Òåîðåìà î ôàçîâîì àëãîðèòìå

Ôàçîâûé àëãîðèòì � ýòî âîëíîâîé àëãîðèòì.

Äîêàçàòåëüñòâî.

Ïî êàæäîìó êàíàëó îòïðàâëÿåòñÿ íå áîëåå D ñîîáùåíèé.

Çíà÷èò, âñå âû÷èñëåíèÿ àëãîðèòìà çàâåðøàþòñÿ.

Ïóñòü γ � çàêëþ÷èòåëüíàÿ êîíôèãóðàöèÿ âû÷èñëåíèÿ C .

Ñíà÷àëà ïîêàæåì, ÷òî êàæäûé ïðîöåññ îòïðàâèë õîòü îäíî

ñîîáùåíèå.

Ò.ê. â êîíôèãóðàöèè γ â êàíàëàõ íåò ñîîáùåíèé,

Recp[q] = Sentq äëÿ êàæäîãî êàíàëà qp .

Êàæäûé èíèöèàòîð îòïðàâèë ñîîáùåíèå.

Êàæäûé íå-èíèöèàòîð îòïðàâëÿåò ïåðâîå ñîîáùåíèå âñåì

ñîñåäÿì ñðàçó ïîñëå ïîëó÷åíèÿ ïåðâîãî ñîîáùåíèÿ.

Çíà÷èò, åñëè ñèëüíî ñâÿçíàÿ ñåòü èìååò õîòü îäíîãî

èíèöèàòîðà, òî Sentp > 0 äëÿ êàæäîãî óçëà p .



Ôàçîâûé àëãîðèòì

Äîêàçàòåëüñòâî.

Ïîêàæåì, ÷òî êàæäûé ïðîöåññ ïðèíÿë ðåøåíèå.

Äîïóñòèì, ÷òî ó ïðîöåññà p â êîíôèãóðàöèè γ ïåðåìåííàÿ Sent
èìååò íàèìåíüøåå çíà÷åíèå, ò.å. Sentq ≥ Sentp äëÿ âñåõ q .

Â ÷àñòíîñòè, ýòî âåðíî äëÿ âñåõ ïðîöåññîâ q , ÿâëÿþùèõñÿ

ñîñåäÿìè p íà âõîäå.

Òîãäà èç ðàâåíñòâà Recp[q] = Sentq ñëåäóåò
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Ôàçîâûé àëãîðèòì
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begin receive 〈tok〉 (from neighbor q0) ;
Recp[q0] := Recp[q0] + 1 ;
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Çíà÷èò, Sentp = D , ò.ê. â ïðîòèâíîì ñëó÷àå p ïðèøëîñü áû

îòïðàâëÿòü äîïîëíèòåëüíîå ñîîáùåíèå, êàê òîëüêî îí â

ïîñëåäíèé ðàç ïîëó÷èë íåêîòîðîå ñîîáùåíèå.
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Ôàçîâûé àëãîðèòì

Äîêàçàòåëüñòâî.

Ïîêàæåì, ÷òî âñÿêîìó ðåøåíèþ ïðåäøåñòâóåò õîòü îäíî

ñîáûòèå â êàæäîì èç ïðîöåññîâ.

Ðàññìîòðèì ïóòü â ñåòè P = p0, p1, . . . , p` , ãäå ` ≤ D .

Ïî ëåììå 7.1. f
(i+1)
pipi+1 � g

(i+1)
pipi+1 âåðíî äëÿ ëþáîãî i , 0 ≤ i < ` , è,

ñîãëàñíî àëãîðèòìó, g
(i+1)
pipi+1 � f

(i+2)
pi+1pi+2 âåðíî äëÿ ëþáîãî

i , 0 ≤ i < `− 1 . Ñëåäîâàòåëüíî, f
(1)
p0p1 � g

(`)
p`−1p` .
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p ñóùåñòâóåò ïóòü q = p0, p1, . . . , p` = p äëèíû íå áîëüøå D .

Ïîýòîìó äëÿ êàæäîãî q íàéäåòñÿ òàêîå ` ≤ D è òàêîé ñîñåä r

íà âõîäå ïðîöåññà p , äëÿ êîòîðûõ f
(1)
qq′ � g

(`)
rp .

À â ñèëó óñòðîéñòâà àëãîðèòìà ñîáûòèå g
(`)
rp ïðåäøåñòâóåò

ñîáûòèþ decidep . �
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p ñóùåñòâóåò ïóòü q = p0, p1, . . . , p` = p äëèíû íå áîëüøå D .

Ïîýòîìó äëÿ êàæäîãî q íàéäåòñÿ òàêîå ` ≤ D è òàêîé ñîñåä r

íà âõîäå ïðîöåññà p , äëÿ êîòîðûõ f
(1)
qq′ � g

(`)
rp .

À â ñèëó óñòðîéñòâà àëãîðèòìà ñîáûòèå g
(`)
rp ïðåäøåñòâóåò

ñîáûòèþ decidep . �



Ôàçîâûé àëãîðèòì

Ñëîæíîñòü ôàçîâîãî àëãîðèòìà.

Â àëãîðèòìå ïî êàæäîìó êàíàëó ïåðåäàåòñÿ D ñîîáùåíèé, è

ïîýòîìó åãî ñëîæíîñòü ïî ÷èñëó îáìåíîâ ñîîáùåíèÿìè ðàâíà

|E |D .

Íóæíî èìåòü â âèäó, îäíàêî, ÷òî çäåñü |E | îáîçíà÷àåò
êîëè÷åñòâî greenîäíîñòîðîííèõ êàíàëîâ. Åñëè ôàçîâûé

àëãîðèòì èñïîëüçóåòñÿ äëÿ íåîðèåíòèðîâàííîé ñåòè, òî êàæäûé

åå êàíàë ñëåäóåò ðàññìàòðèâàòü êàê äâà îäíîñòîðîííèõ êàíàëà,

è ïîýòîìó ñëîæíîñòü ïî ÷èñëó ñîîáùåíèé áóäåò ðàâíà 2|E |D .



Ôàçîâûé àëãîðèòì

Çàäà÷è.

1. Ïîêàæèòå, ÷òî âçàèìîñâÿçü, êîòîðàÿ ïðîÿâëÿåòñÿ â

ëåììå 7.1., ñîõðàíÿåòñÿ è â òîì ñëó÷àå, êîãäà ñîîáùåíèÿ

ìîãóò óòåðÿíû â êàíàëå pq, íî íå ñîõðàíÿåòñÿ, êîãäà

ñîîáùåíèÿ ìîãóò äóáëèðîâàòüñÿ. Êàêîé èç ýòàïîâ

äîêàçàòåëüñòâà óòðàòèò ñèëó, åñëè ñîîáùåíèÿ ìîãóò

äóáëèðîâàòüñÿ?

2. Ïðåîáðàçóéòå ôàçîâûé àëãîðèòì äëÿ âû÷èñëåíèÿ

ìàêñèìóìà íà ìíîæåñòâå öåëî÷èñëåííûõ âõîäíûõ äàííûõ

âñåõ ïðîöåññîâ.

Êàêîâà ñëîæíîñòü ïî ÷èñëó îáìåíîâ ñîîáùåíèÿìè

ïîñòðîåííîãî àëãîðèòìà?

Ìîæíî ëè ïðè ïîìîùè ôàçîâîãî àëãîðèòìà âû÷èñëÿòü

ñóììû âõîäíûõ äàííûõ âñåõ ïðîöåññîâ?



Àëãîðèòì Ôèííà

Àëãîðèòì Ôèííà � ýòî åùå îäèí âîëíîâîé
àëãîðèòì, êîòîðûé ìîæíî èñïîëüçîâàòü äëÿ
ïðîèçâîëüíûõ îðèåíòèðîâàííûõ ñåòåé.

Çäåñü íå òðåáóåòñÿ, ÷òîáû äèàìåòð ñåòè áûë
èçâåñòåí çàðàíåå, íî çàòî ýòîò àëãîðèòì îïèðàåòñÿ
íà îäíîçíà÷íóþ èäåíòèôèöèðóåìîñòü ïðîöåññîâ.

Â ñîîáùåíèÿõ ïðîöåññû îáìåíèâàþòñÿ
îòëè÷èòåëüíûìè ïðèçíàêàìè, è ýòî ïðèâîäèò ê
òîìó, ÷òî áèòîâàÿ ñëîæíîñòü àëãîðèòìà
ñòàíîâèòñÿ äîñòàòî÷íî áîëüøîé.



Àëãîðèòì Ôèííà

Îñíîâíàÿ èäåÿ.

Ïðîöåññ p ôîðìèðóåò äâà ìíîæåñòâà îòëè÷èòåëüíûõ ïðèçíàêîâ

Incp è NIncp .

I Incp � ýòî ìíîæåñòâî òàêèõ ïðîöåññîâ q , ÷òî íåêîòîðîå

ñîáûòèå â q ïðåäøåñòâóåò (ïî îòíîøåíèþ � ) ñàìîìó

ïîñëåäíåìó ñîáûòèþ, ñëó÷èâøåìóñÿ â p ,

I NIncp � ìíîæåñòâî òàêèõ ïðîöåññîâ q , ÷òî ó êàæäîãî

ñîñåäà r ïðîöåññà q êàêîå-íèáóäü ñîáûòèå â r ïðåäøåñòâóåò
ñàìîìó ïîñëåäíåìó ñîáûòèþ, ñëó÷èâøåìóñÿ â p .



Àëãîðèòì Ôèííà

Îñíîâíàÿ èäåÿ.

Ìíîæåñòâà Incp è NIncp ôîðìèðóþòñÿ òàê.

1) Âíà÷àëå Incp = {p} è NIncp = ∅ .

2) Ïðîöåññ p îòïðàâëÿåò ñîîáùåíèÿ, ñîäåðæàùèå Incp è NIncp ,

âñÿêèé ðàç, êîãäà îäíî èç ýòèõ ìíîæåñòâ ðàñøèðÿåòñÿ.

3) Êîãäà p ïîëó÷àåò ñîîáùåíèå c ìíîæåñòâàìè Inc è NInc ,

ïîëó÷åííûå îòëè÷èòåëüíûå ïðèçíàêè äîáàâëÿþòñÿ ê

ìíîæåñòâàìIncp è NIncp .

4) Åñëè p ïîëó÷èë ñîîáùåíèÿ îò âñåõ ñâîèõ ñîñåäåé íà âõîäå,

òî îòëè÷èòåëüíûé ïðèçíàê p âñòàâëÿåòñÿ â NIncp .

5) Åñëè Incp = NIncp , òî p ïðèíèìàåò ðåøåíèå.

Ýòî îçíà÷àåò, ÷òî êàêîâ áû íè áûë ïðîöåññ q , åñëè íåêîòîðîå

ñîáûòèå â q ïðåäøåñòâóåò dp , òî ó âñÿêîãî ñîñåäà r ïðîöåññà q
òàêæå ïðîèçîøëî êàêîå-íèáóäü ñîáûòèå, ïðåäøåñòâóþùåå dp .

Îòñþäà ñëåäóåò, ÷òî äëÿ íàøåãî àëãîðèòìà òðåáîâàíèå

çàâèñèìîñòè ñîáëþäåíî.



Àëãîðèòì Ôèííà

Îñíîâíàÿ èäåÿ.

Ìíîæåñòâà Incp è NIncp ôîðìèðóþòñÿ òàê.

1) Âíà÷àëå Incp = {p} è NIncp = ∅ .

2) Ïðîöåññ p îòïðàâëÿåò ñîîáùåíèÿ, ñîäåðæàùèå Incp è NIncp ,

âñÿêèé ðàç, êîãäà îäíî èç ýòèõ ìíîæåñòâ ðàñøèðÿåòñÿ.

3) Êîãäà p ïîëó÷àåò ñîîáùåíèå c ìíîæåñòâàìè Inc è NInc ,

ïîëó÷åííûå îòëè÷èòåëüíûå ïðèçíàêè äîáàâëÿþòñÿ ê

ìíîæåñòâàìIncp è NIncp .

4) Åñëè p ïîëó÷èë ñîîáùåíèÿ îò âñåõ ñâîèõ ñîñåäåé íà âõîäå,

òî îòëè÷èòåëüíûé ïðèçíàê p âñòàâëÿåòñÿ â NIncp .

5) Åñëè Incp = NIncp , òî p ïðèíèìàåò ðåøåíèå.

Ýòî îçíà÷àåò, ÷òî êàêîâ áû íè áûë ïðîöåññ q , åñëè íåêîòîðîå

ñîáûòèå â q ïðåäøåñòâóåò dp , òî ó âñÿêîãî ñîñåäà r ïðîöåññà q
òàêæå ïðîèçîøëî êàêîå-íèáóäü ñîáûòèå, ïðåäøåñòâóþùåå dp .

Îòñþäà ñëåäóåò, ÷òî äëÿ íàøåãî àëãîðèòìà òðåáîâàíèå

çàâèñèìîñòè ñîáëþäåíî.



Àëãîðèòì Ôèííà

Îñíîâíàÿ èäåÿ.

Ìíîæåñòâà Incp è NIncp ôîðìèðóþòñÿ òàê.

1) Âíà÷àëå Incp = {p} è NIncp = ∅ .

2) Ïðîöåññ p îòïðàâëÿåò ñîîáùåíèÿ, ñîäåðæàùèå Incp è NIncp ,

âñÿêèé ðàç, êîãäà îäíî èç ýòèõ ìíîæåñòâ ðàñøèðÿåòñÿ.

3) Êîãäà p ïîëó÷àåò ñîîáùåíèå c ìíîæåñòâàìè Inc è NInc ,

ïîëó÷åííûå îòëè÷èòåëüíûå ïðèçíàêè äîáàâëÿþòñÿ ê

ìíîæåñòâàìIncp è NIncp .

4) Åñëè p ïîëó÷èë ñîîáùåíèÿ îò âñåõ ñâîèõ ñîñåäåé íà âõîäå,

òî îòëè÷èòåëüíûé ïðèçíàê p âñòàâëÿåòñÿ â NIncp .

5) Åñëè Incp = NIncp , òî p ïðèíèìàåò ðåøåíèå.

Ýòî îçíà÷àåò, ÷òî êàêîâ áû íè áûë ïðîöåññ q , åñëè íåêîòîðîå

ñîáûòèå â q ïðåäøåñòâóåò dp , òî ó âñÿêîãî ñîñåäà r ïðîöåññà q
òàêæå ïðîèçîøëî êàêîå-íèáóäü ñîáûòèå, ïðåäøåñòâóþùåå dp .

Îòñþäà ñëåäóåò, ÷òî äëÿ íàøåãî àëãîðèòìà òðåáîâàíèå

çàâèñèìîñòè ñîáëþäåíî.



Àëãîðèòì Ôèííà

Îñíîâíàÿ èäåÿ.

Ìíîæåñòâà Incp è NIncp ôîðìèðóþòñÿ òàê.

1) Âíà÷àëå Incp = {p} è NIncp = ∅ .

2) Ïðîöåññ p îòïðàâëÿåò ñîîáùåíèÿ, ñîäåðæàùèå Incp è NIncp ,

âñÿêèé ðàç, êîãäà îäíî èç ýòèõ ìíîæåñòâ ðàñøèðÿåòñÿ.

3) Êîãäà p ïîëó÷àåò ñîîáùåíèå c ìíîæåñòâàìè Inc è NInc ,

ïîëó÷åííûå îòëè÷èòåëüíûå ïðèçíàêè äîáàâëÿþòñÿ ê

ìíîæåñòâàìIncp è NIncp .

4) Åñëè p ïîëó÷èë ñîîáùåíèÿ îò âñåõ ñâîèõ ñîñåäåé íà âõîäå,

òî îòëè÷èòåëüíûé ïðèçíàê p âñòàâëÿåòñÿ â NIncp .

5) Åñëè Incp = NIncp , òî p ïðèíèìàåò ðåøåíèå.

Ýòî îçíà÷àåò, ÷òî êàêîâ áû íè áûë ïðîöåññ q , åñëè íåêîòîðîå

ñîáûòèå â q ïðåäøåñòâóåò dp , òî ó âñÿêîãî ñîñåäà r ïðîöåññà q
òàêæå ïðîèçîøëî êàêîå-íèáóäü ñîáûòèå, ïðåäøåñòâóþùåå dp .

Îòñþäà ñëåäóåò, ÷òî äëÿ íàøåãî àëãîðèòìà òðåáîâàíèå

çàâèñèìîñòè ñîáëþäåíî.



Àëãîðèòì Ôèííà

Îñíîâíàÿ èäåÿ.

Ìíîæåñòâà Incp è NIncp ôîðìèðóþòñÿ òàê.

1) Âíà÷àëå Incp = {p} è NIncp = ∅ .

2) Ïðîöåññ p îòïðàâëÿåò ñîîáùåíèÿ, ñîäåðæàùèå Incp è NIncp ,

âñÿêèé ðàç, êîãäà îäíî èç ýòèõ ìíîæåñòâ ðàñøèðÿåòñÿ.

3) Êîãäà p ïîëó÷àåò ñîîáùåíèå c ìíîæåñòâàìè Inc è NInc ,

ïîëó÷åííûå îòëè÷èòåëüíûå ïðèçíàêè äîáàâëÿþòñÿ ê

ìíîæåñòâàìIncp è NIncp .

4) Åñëè p ïîëó÷èë ñîîáùåíèÿ îò âñåõ ñâîèõ ñîñåäåé íà âõîäå,

òî îòëè÷èòåëüíûé ïðèçíàê p âñòàâëÿåòñÿ â NIncp .

5) Åñëè Incp = NIncp , òî p ïðèíèìàåò ðåøåíèå.

Ýòî îçíà÷àåò, ÷òî êàêîâ áû íè áûë ïðîöåññ q , åñëè íåêîòîðîå

ñîáûòèå â q ïðåäøåñòâóåò dp , òî ó âñÿêîãî ñîñåäà r ïðîöåññà q
òàêæå ïðîèçîøëî êàêîå-íèáóäü ñîáûòèå, ïðåäøåñòâóþùåå dp .

Îòñþäà ñëåäóåò, ÷òî äëÿ íàøåãî àëãîðèòìà òðåáîâàíèå

çàâèñèìîñòè ñîáëþäåíî.



Àëãîðèòì Ôèííà

var Incp : ìí�âî ïðîöåññîâ init {p} ;
NIncp : ìí�âî ïðîöåññîâ init ∅ ;

recp[q] : bool for q ∈ Inp init false ;

(* èíäèêàòîðû ïîëó÷åíèÿ ïðîöåññîì p ñîîáùåíèÿ îò q *)

begin if p is initiator then

forall r ∈ Outp do send 〈sets, Incp,NIncp〉 to r ;
while Incp 6= NIncp do

begin receive 〈sets, Inc ,NInc〉 from q0 ;

Incp := Incp ∪ Inc ; NIncp := NIncp ∪ NInc ;

recp[q0] := true ;

if ∀q ∈ Inp : recp[q] then NIncp := NIncp ∪ {p} ;
if Incp or NIncp has changed then

forall r ∈ Outp do send 〈sets, Incp,NIncp〉 to r
end;

decide

end



Ôàçîâûé àëãîðèòì
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Inc1 = (1)

NInc1 = ∅

Inc2 = (2)

NInc2 = ∅

Inc3 = (3)

NInc3 = ∅

Inc4 = (4)

NInc4 = ∅
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Inc1 = (1)

NInc1 = ∅

Inc2 = (2)

NInc2 = ∅

Inc3 = (3)

NInc3 = ∅

Inc4 = (4)

NInc4 = ∅

〈(1),∅〉

〈(1),∅〉
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Inc1 = (1)

NInc1 = ∅

Inc2 = (1, 2)

NInc2 = ∅

Inc3 = (3)

NInc3 = ∅

Inc4 = (4)

NInc4 = ∅

〈(1),∅〉
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Inc1 = (1)

NInc1 = ∅

Inc2 = (1, 2)

NInc2 = (2)

Inc3 = (3)

NInc3 = ∅

Inc4 = (4)

NInc4 = ∅

〈(1, 2), (2)〉

〈(1),∅〉
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Inc1 = (1)

NInc1 = ∅

Inc2 = (1, 2)

NInc2 = (2)

Inc3 = (3)

NInc3 = ∅

Inc4 = (1, 2, 4)

NInc4 = (1)

〈(1),∅〉

〈(1, 2, 4), (2)〉
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Inc1 = (1, 2, 4)

NInc1 = (2)

Inc2 = (1, 2)

NInc2 = (2)

Inc3 = (3)

NInc3 = ∅

Inc4 = (1, 2, 4)

NInc4 = (1)

〈(1),∅〉
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Inc1 = (1, 2, 4)

NInc1 = (1, 2)

Inc2 = (1, 2)

NInc2 = (2)

Inc3 = (3)

NInc3 = ∅

Inc4 = (1, 2, 4)

NInc4 = (1)

〈(1, 2, 4), (1, 2)〉

〈(1),∅〉

〈(1, 2, 4), (1, 2)〉
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Inc1 = (1, 2, 4)

NInc1 = (1, 2)

Inc2 = (1, 2, 4)

NInc2 = (1, 2)

Inc3 = (3)

NInc3 = ∅

Inc4 = (1, 2, 4)

NInc4 = (1)

〈(1, 2, 4), (1, 2)〉

〈(1),∅〉

〈(1, 2, 4), (1, 2)〉
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Inc1 = (1, 2, 4)

NInc1 = (1, 2)

Inc2 = (1, 2, 4)

NInc2 = (1, 2)

Inc3 = (3)

NInc3 = ∅

Inc4 = (1, 2, 4)

NInc4 = (1, 2)

〈(1),∅〉

〈(1, 2, 4), (1, 2)〉

〈(1, 2, 4), (1, 2)〉
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Inc1 = (1, 2, 4)

NInc1 = (1, 2)

Inc2 = (1, 2, 4)

NInc2 = (1, 2)

Inc3 = (1, 3)

NInc3 = ∅

Inc4 = (1, 2, 4)

NInc4 = (1, 2)

〈(1, 2, 4), (1, 2)〉



Ôàçîâûé àëãîðèòì
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Inc1 = (1, 2, 4)

NInc1 = (1, 2)

Inc2 = (1, 2, 4)

NInc2 = (1, 2)

Inc3 = (1, 3)

NInc3 = (3)

Inc4 = (1, 2, 4)

NInc4 = (1, 2)

〈(1, 2, 4), (1, 2)〉

〈(1, 3), (3)〉



Ôàçîâûé àëãîðèòì
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Inc1 = (1, 2, 4)

NInc1 = (1, 2)

Inc2 = (1, 2, 4)

NInc2 = (1, 2)

Inc3 = (1, 3)

NInc3 = (3)

Inc4 = (1, 2, 3, 4)

NInc4 = (1, 2, 3)

〈(1, 2, 4), (1, 2)〉



Ôàçîâûé àëãîðèòì
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Inc1 = (1, 2, 4)

NInc1 = (1, 2)

Inc2 = (1, 2, 4)

NInc2 = (1, 2)

decide

Inc3 = (1, 3)

NInc3 = (3)

Inc4 = (1, 2, 3, 4)

NInc4 = (1, 2, 3, 4)

〈(1, 2, 4), (1, 2)〉

〈(1, 2, 3, 4), (1, 2, 3, 4)〉



Àëãîðèòì Ôèííà

Òåîðåìà îá àëãîðèòìå Ôèííà

Àëãîðèòì Ôèííà � ýòî âîëíîâîé àëãîðèòì.

Äîêàçàòåëüñòâî.

Ìíîæåñòâà Incp è NIncp ìîãóò òîëüêî óâåëè÷èâàòüñÿ. Èõ

ñóììàðíûé ðàçìåð âàðüèðóåòñÿ îò 1 â ïåðâîì ñîîáùåíèè äî íå

áîëåå ÷åì 2N â ïîñëåäíåì ñîîáùåíèè. Çíà÷èò, îáùåå

êîëè÷åñòâî ñîîáùåíèé îãðàíè÷åíî âåëè÷èíîé 2N|E | . Ïîýòîìó
âûïîëíåíèÿ àëãîðèòì çàâåðøàþòñÿ.

Ðàññìîòðèì çàêëþ÷èòåëüíóþ êîíôèãóðàöèþ γ âû÷èñëåíèÿ C .

Êàê è â äîêàçàòåëüñòâå ïðåäûäóùåé òåîðåìû, ìîæíî ïîêàçàòü,

÷òî åñëè ïðîöåññ p ñóìåë îòïðàâèòü õîòÿ áû îäíî ñîîáùåíèå

(êàæäîìó ñîñåäó), è q � ñîñåä ïðîöåññà p íà âûõîäå, òî q
òàêæå ñóìåë îòïðàâèòü õîòü îäíî ñîîáùåíèå.

Îòñþäà ñëåäóåò, ÷òî êàæäûé ïðîöåññ ñóìåë îòïðàâèòü õîòÿ áû

îäíî ñîîáùåíèå (ïî êàæäîìó êàíàëó).



Àëãîðèòì Ôèííà

Òåîðåìà îá àëãîðèòìå Ôèííà

Àëãîðèòì Ôèííà � ýòî âîëíîâîé àëãîðèòì.

Äîêàçàòåëüñòâî.

Ìíîæåñòâà Incp è NIncp ìîãóò òîëüêî óâåëè÷èâàòüñÿ. Èõ

ñóììàðíûé ðàçìåð âàðüèðóåòñÿ îò 1 â ïåðâîì ñîîáùåíèè äî íå

áîëåå ÷åì 2N â ïîñëåäíåì ñîîáùåíèè. Çíà÷èò, îáùåå

êîëè÷åñòâî ñîîáùåíèé îãðàíè÷åíî âåëè÷èíîé 2N|E | . Ïîýòîìó
âûïîëíåíèÿ àëãîðèòì çàâåðøàþòñÿ.

Ðàññìîòðèì çàêëþ÷èòåëüíóþ êîíôèãóðàöèþ γ âû÷èñëåíèÿ C .

Êàê è â äîêàçàòåëüñòâå ïðåäûäóùåé òåîðåìû, ìîæíî ïîêàçàòü,

÷òî åñëè ïðîöåññ p ñóìåë îòïðàâèòü õîòÿ áû îäíî ñîîáùåíèå

(êàæäîìó ñîñåäó), è q � ñîñåä ïðîöåññà p íà âûõîäå, òî q
òàêæå ñóìåë îòïðàâèòü õîòü îäíî ñîîáùåíèå.

Îòñþäà ñëåäóåò, ÷òî êàæäûé ïðîöåññ ñóìåë îòïðàâèòü õîòÿ áû

îäíî ñîîáùåíèå (ïî êàæäîìó êàíàëó).



Àëãîðèòì Ôèííà

Äîêàçàòåëüñòâî.

Ïîêàæåì, ÷òî â γ êàæäûé ïðîöåññ ïðèíÿë ðåøåíèå.

1) Äëÿ êàæäîãî ðåáðà pq â êîíôèãóðàöèè γ âûïîëíÿåòñÿ

Incp ⊆ Incq , ò.ê., ñîâåðøèâ ïîñëåäíåå èçìåíåíèå ìíîæåñòâà

Incp , ïðîöåññ p îòïðàâèë ñîîáùåíèå 〈sets, Incp,NIncp〉 .
Êàê òîëüêî îíî áûëî ïîëó÷åíî, q âûïîëíèë îïåðàòîð

Incq := Incq ∪ Incp .

Ñèëüíàÿ ñâÿçíîñòü ñåòè ïðèâîäèò ê òîìó, ÷òî Incp = Incq äëÿ

âñåõ p è q . Ò.ê. p ∈ Incp , äëÿ êàæäîãî ïðîöåññà p â

êîíôèãóðàöèè γ âûïîëíÿåòñÿ Incp = P .



Àëãîðèòì Ôèííà

Äîêàçàòåëüñòâî.

Ïîêàæåì, ÷òî â γ êàæäûé ïðîöåññ ïðèíÿë ðåøåíèå.

1) Äëÿ êàæäîãî ðåáðà pq â êîíôèãóðàöèè γ âûïîëíÿåòñÿ

Incp ⊆ Incq , ò.ê., ñîâåðøèâ ïîñëåäíåå èçìåíåíèå ìíîæåñòâà

Incp , ïðîöåññ p îòïðàâèë ñîîáùåíèå 〈sets, Incp,NIncp〉 .
Êàê òîëüêî îíî áûëî ïîëó÷åíî, q âûïîëíèë îïåðàòîð

Incq := Incq ∪ Incp .

Ñèëüíàÿ ñâÿçíîñòü ñåòè ïðèâîäèò ê òîìó, ÷òî Incp = Incq äëÿ

âñåõ p è q . Ò.ê. p ∈ Incp , äëÿ êàæäîãî ïðîöåññà p â

êîíôèãóðàöèè γ âûïîëíÿåòñÿ Incp = P .



Àëãîðèòì Ôèííà

Äîêàçàòåëüñòâî.

Ïîêàæåì, ÷òî â γ êàæäûé ïðîöåññ ïðèíÿë ðåøåíèå.

1) Äëÿ êàæäîãî ðåáðà pq â êîíôèãóðàöèè γ âûïîëíÿåòñÿ

Incp ⊆ Incq , ò.ê., ñîâåðøèâ ïîñëåäíåå èçìåíåíèå ìíîæåñòâà

Incp , ïðîöåññ p îòïðàâèë ñîîáùåíèå 〈sets, Incp,NIncp〉 .
Êàê òîëüêî îíî áûëî ïîëó÷åíî, q âûïîëíèë îïåðàòîð

Incq := Incq ∪ Incp .

Ñèëüíàÿ ñâÿçíîñòü ñåòè ïðèâîäèò ê òîìó, ÷òî Incp = Incq äëÿ

âñåõ p è q . Ò.ê. p ∈ Incp , äëÿ êàæäîãî ïðîöåññà p â

êîíôèãóðàöèè γ âûïîëíÿåòñÿ Incp = P .



Àëãîðèòì Ôèííà

Äîêàçàòåëüñòâî.

2) Àíàëîãè÷íûì îáðàçîì ìîæíî ïîêàçàòü, ÷òî äëÿ êàæäîé

ïàðû ïðîöåññîâ p è q âûïîëíÿåòñÿ NIncp = NIncq .

Ïîñêîëüêó êàæäûé ïðîöåññ óñïåë îòïðàâèòü õîòÿ áû îäíî

ñîîáùåíèå ïî êàæäîìó êàíàëó, äëÿ ëþáîãî ïðîöåññà p
âûïîëíÿåòñÿ òðåáîâàíèå ∀q ∈ Inp : recp[q] . Ñëåäîâàòåëüíî,
p ∈ NIncp äëÿ êàæäîãî p .

Îòñþäà ñëåäóåò, ÷òî NIncp = P äëÿ êàæäîãî ïðîöåññà p .

Èç Incp = P è NIncp = P âûòåêàåò, ÷òî Incp = NIncp , è ýòî

îçíà÷àåò, ÷òî â êîíôèãóðàöèè γ êàæäûé ïðîöåññ p ïðèíÿë

ðåøåíèå.



Àëãîðèòì Ôèííà

Äîêàçàòåëüñòâî.

2) Àíàëîãè÷íûì îáðàçîì ìîæíî ïîêàçàòü, ÷òî äëÿ êàæäîé

ïàðû ïðîöåññîâ p è q âûïîëíÿåòñÿ NIncp = NIncq .

Ïîñêîëüêó êàæäûé ïðîöåññ óñïåë îòïðàâèòü õîòÿ áû îäíî

ñîîáùåíèå ïî êàæäîìó êàíàëó, äëÿ ëþáîãî ïðîöåññà p
âûïîëíÿåòñÿ òðåáîâàíèå ∀q ∈ Inp : recp[q] . Ñëåäîâàòåëüíî,
p ∈ NIncp äëÿ êàæäîãî p .

Îòñþäà ñëåäóåò, ÷òî NIncp = P äëÿ êàæäîãî ïðîöåññà p .

Èç Incp = P è NIncp = P âûòåêàåò, ÷òî Incp = NIncp , è ýòî

îçíà÷àåò, ÷òî â êîíôèãóðàöèè γ êàæäûé ïðîöåññ p ïðèíÿë

ðåøåíèå.



Àëãîðèòì Ôèííà

Äîêàçàòåëüñòâî.

2) Àíàëîãè÷íûì îáðàçîì ìîæíî ïîêàçàòü, ÷òî äëÿ êàæäîé

ïàðû ïðîöåññîâ p è q âûïîëíÿåòñÿ NIncp = NIncq .

Ïîñêîëüêó êàæäûé ïðîöåññ óñïåë îòïðàâèòü õîòÿ áû îäíî

ñîîáùåíèå ïî êàæäîìó êàíàëó, äëÿ ëþáîãî ïðîöåññà p
âûïîëíÿåòñÿ òðåáîâàíèå ∀q ∈ Inp : recp[q] . Ñëåäîâàòåëüíî,
p ∈ NIncp äëÿ êàæäîãî p .

Îòñþäà ñëåäóåò, ÷òî NIncp = P äëÿ êàæäîãî ïðîöåññà p .

Èç Incp = P è NIncp = P âûòåêàåò, ÷òî Incp = NIncp , è ýòî

îçíà÷àåò, ÷òî â êîíôèãóðàöèè γ êàæäûé ïðîöåññ p ïðèíÿë

ðåøåíèå.



Àëãîðèòì Ôèííà

Äîêàçàòåëüñòâî.

Ïîêàæåì, ÷òî ðåøåíèþ dp â ïðîöåññå p ïðåäøåñòâóåò

êàêîå-íèáóäü ñîáûòèå â êàæäîì èç ïðîöåññîâ.

Äëÿ âñÿêîãî ñîáûòèÿ e â ïðîöåññå p îáîçíà÷èì Inc(e) (NInc(e) )
çíà÷åíèå Incp (NIncp , ñîîòâåòñòâåííî) ñðàçó ïîñëå

îñóùåñòâëåíèÿ e . Ñëåäóþùèå äâà óòâåðæäåíèÿ îáîñíîâûâàþò

ñîäåðæàòåëüíûé ñìûñë ìíîæåñòâ Incp è NIncp .

Óòâåðæäåíèå 1.

Åñëè ñóùåñòâóåò ñîáûòèå e ∈ Cq : e � f , òî q ∈ Inc(f ) .

Óòâåðæäåíèå 2.

Åñëè q ∈ NInc(f ) , òî äëÿ âñåõ r ∈ Inq ñóùåñòâóåò ñîáûòèå

e ∈ Cr : e � f .



Àëãîðèòì Ôèííà

Äîêàçàòåëüñòâî.

Ïîêàæåì, ÷òî ðåøåíèþ dp â ïðîöåññå p ïðåäøåñòâóåò

êàêîå-íèáóäü ñîáûòèå â êàæäîì èç ïðîöåññîâ.

Äëÿ âñÿêîãî ñîáûòèÿ e â ïðîöåññå p îáîçíà÷èì Inc(e) (NInc(e) )
çíà÷åíèå Incp (NIncp , ñîîòâåòñòâåííî) ñðàçó ïîñëå

îñóùåñòâëåíèÿ e . Ñëåäóþùèå äâà óòâåðæäåíèÿ îáîñíîâûâàþò

ñîäåðæàòåëüíûé ñìûñë ìíîæåñòâ Incp è NIncp .

Óòâåðæäåíèå 1.

Åñëè ñóùåñòâóåò ñîáûòèå e ∈ Cq : e � f , òî q ∈ Inc(f ) .

Óòâåðæäåíèå 2.

Åñëè q ∈ NInc(f ) , òî äëÿ âñåõ r ∈ Inq ñóùåñòâóåò ñîáûòèå

e ∈ Cr : e � f .



Àëãîðèòì Ôèííà

Äîêàçàòåëüñòâî.

Ïîêàæåì, ÷òî ðåøåíèþ dp â ïðîöåññå p ïðåäøåñòâóåò

êàêîå-íèáóäü ñîáûòèå â êàæäîì èç ïðîöåññîâ.

Äëÿ âñÿêîãî ñîáûòèÿ e â ïðîöåññå p îáîçíà÷èì Inc(e) (NInc(e) )
çíà÷åíèå Incp (NIncp , ñîîòâåòñòâåííî) ñðàçó ïîñëå

îñóùåñòâëåíèÿ e . Ñëåäóþùèå äâà óòâåðæäåíèÿ îáîñíîâûâàþò

ñîäåðæàòåëüíûé ñìûñë ìíîæåñòâ Incp è NIncp .

Óòâåðæäåíèå 1.

Åñëè ñóùåñòâóåò ñîáûòèå e ∈ Cq : e � f , òî q ∈ Inc(f ) .

Óòâåðæäåíèå 2.

Åñëè q ∈ NInc(f ) , òî äëÿ âñåõ r ∈ Inq ñóùåñòâóåò ñîáûòèå

e ∈ Cr : e � f .



Àëãîðèòì Ôèííà

Óòâåðæäåíèå 1.

Åñëè ñóùåñòâóåò ñîáûòèå e ∈ Cq : e � f , òî q ∈ Inc(f ) .

Îáîñíîâàíèå.
Ñàìîñòîÿòåëüíî èíäóêöèåé ïî äëèíå ïðè÷èííî-ñëåäñòâåííîé

öåïî÷êè ìåæäó ñîáûòèÿìè e è f .



Àëãîðèòì Ôèííà

Óòâåðæäåíèå 2.

Åñëè q ∈ NInc(f ) , òî äëÿ âñåõ r ∈ Inq ñóùåñòâóåò ñîáûòèå

e ∈ Cr : e � f .

Îáîñíîâàíèå.
Ïóñòü aq îáîçíà÷àåò âíóòðåííåå ñîáûòèå â ïðîöåññå q ,

ñâÿçàííîå ñ ïåðâûì âûïîëíåíèåì îïåðàòîðà

NIncq := NIncq ∪ {q} ïðîöåññîì q . Ñîáûòèå aq � ýòî

åäèíñòâåííîå ñîáûòèå, äëÿ êîòîðîãî âûïîëíÿåòñÿ q ∈ NInc(aq) ,
è êîòîðîìó íå ïðåäøåñòâóåò äðóãîå ñîáûòèå a′ ,
óäîâëåòâîðÿþùåå óñëîâèþ q ∈ NInc(a

′) . Çíà÷èò,

q ∈ NInc(f ) =⇒ aq � f .

Èç îïèñàíèÿ àëãîðèòìà âèäíî, ÷òî äëÿ êàæäîãî r ∈ Inq
íàéäåòñÿ ñîáûòèå e ∈ Cr , ïðåäøåñòâóþùåå aq . Îòñþäà

ñëåäóåò äîêàçûâàåìîå óòâåðæäåíèå.



Àëãîðèòì Ôèííà

Äîêàçàòåëüñòâî.

Ïðîöåññ p ïðèíèìàåò ðåøåíèå òîëüêî òîãäà, êîãäà Incp = NIncp
. Ïóñòü dp � ýòî ñîáûòèå ðåøåíèÿ â ïðîöåññå p ; òîãäà

Inc(dp) = NInc(dp) .

Òåïåðü ìû âèäèì, ÷òî

1. p ∈ Inc(dp) ;

2. èç q ∈ Inc(dp) ñëåäóåò q ∈ NInc(dp) , è îòñþäà ïîëó÷àåì

Inq ⊆ Inc(dp) .

Ïîñêîëüêó ñåòü ñèëüíî ñâÿçíàÿ, ìû ïîëó÷àåì èñêîìîå

ðàâåíñòâî Inc(dp) = P .



Àëãîðèòì Ôèííà

Äîêàçàòåëüñòâî.

Ïðîöåññ p ïðèíèìàåò ðåøåíèå òîëüêî òîãäà, êîãäà Incp = NIncp
. Ïóñòü dp � ýòî ñîáûòèå ðåøåíèÿ â ïðîöåññå p ; òîãäà

Inc(dp) = NInc(dp) .

Òåïåðü ìû âèäèì, ÷òî

1. p ∈ Inc(dp) ;

2. èç q ∈ Inc(dp) ñëåäóåò q ∈ NInc(dp) , è îòñþäà ïîëó÷àåì

Inq ⊆ Inc(dp) .

Ïîñêîëüêó ñåòü ñèëüíî ñâÿçíàÿ, ìû ïîëó÷àåì èñêîìîå

ðàâåíñòâî Inc(dp) = P .



Àëãîðèòìû îáõîäà

Îñîáûé èíòåðåñ ïðåäñòàâëÿþò öåíòðàëèçîâàííûå âîëíîâûå

àëãîðèòìû, â êîòîðûõ âñå ñîáûòèÿ ëèíåéíî óïîðÿäî÷åíû ïî

îòíîøåíèþ ïðè÷èííî-ñëåäñòâåííîé çàâèñèìîñòè, è ðåøåíèå

ïðèíèìàåò èíèöèàòîð. Âîëíîâûå àëãîðèòìû òàêîãî ðîäà

íàçûâàþòñÿ àëãîðèòìàìè îáõîäà .

Àëãîðèòìîì îáõîäà íàçûâàåòñÿ àëãîðèòì, îáëàäàþùèé

ñëåäóþùèìè òðåìÿ ñâîéñòâàìè.

1. Â êàæäîì âû÷èñëåíèè åäèíñòâåííûé èíèöèàòîð çàïóñêàåò

àëãîðèòì, îòïðàâëÿÿ îäíî-åäèíñòâåííîå ñîîáùåíèå.

2. Âñÿêèé ïðîöåññ ïîñëå ïîëó÷åíèÿ ñîîáùåíèÿ ëèáî
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var usedp[q] : bool init false for each q ∈ Neighp ;

fatherp : process init udef ;

Òîëüêî äëÿ èíèöèàòîðà, âûïîëíèòü îäèí ðàç:

begin fatherp := p ; choose q ∈ Neighp ;

usedp[q] := true ; send tok to q end

Äëÿ êàæäîãî ïðîöåññà ïîñëå ïðèåìà tok îò q0:
begin if fatherp = udef then fatherp := q0 ;

if ∀q ∈ Neighp : usedp[q] then decide

else if ∃q ∈ Neighp : (q 6= fatherp ∧ ¬usedp[q])
then begin choose q ∈ Neighp \ {fatherp} with ¬usedp[q] ;

usedp[q] := true ; send tok to q
end

else begin usedp[fatherp] := true ; send tok to fatherp
end

end



Àëãîðèòì Òàððè

Òåîðåìà îá àëãîðèòìå Òàððè

Àëãîðèòì Òàððè � ýòî àëãîðèòì îáõîäà.

Äîêàçàòåëüñòâî.

Òàê êàê ìàðêåð ïåðåäàåòñÿ íå áîëåå ÷åì ïî îäíîìó ðàçó â

êàæäîì èç äâóõ íàïðàâëåíèè ïî ëþáîìó êàíàëó, îí ñîâåðøàåò

íå áîëåå 2|E | ïåðåõîäîâ, ïîêà àëãîðèòì íå çàâåðøèòñÿ.

Ò.ê. êàæäûé ïðîöåññ îòïðàâëÿåò ìàðêåð ïî êàæäîìó êàíàëó íå

áîëåå îäíîãî ðàçà, òî îí åãî è ïîëó÷àåò ïî êàæäîìó êàíàëó íå

áîëåå îäíîãî ðàçà.

Åñëè ìàðêåðîì âëàäååò íå-èíèöèàòîð p , òî ïðîöåññó p
ïðèøëîñü ïîëó÷àòü ìàðêåð íà îäèí ðàç áîëüøå, ÷åì îòïðàâëÿòü

åãî. Çíà÷èò, ÷èñëî êàíàëîâ, èíöèäåíòíûõ p , ïðåâîñõîäèò ÷èñëî

êàíàëîâ, èñïîëüçîâàííûõ ýòèì ïðîöåññîì, ïî êðàéíåé ìåðå íà

1, è ïîýòîìó p íå ïðèíèìàåò ðåøåíèÿ, à ïåðåäàåò ìàðêåð.

Çíà÷èò ðåøåíèå ìîæåò ïðèíÿòü òîëüêî èíèöèàòîð.
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Äîêàçàòåëüñòâî.

Âñå êàíàëû, èíöèäåíòíûå èíèöèàòîðó áûëè

èñïîëüçîâàíû ïî îäíîìó ðàçó â êàæäîì íàïðàâëåíèè.

Êàæäûé êàíàë áûë èñïîëüçîâàí èíèöèàòîðîì äëÿ ïåðåäà÷è

ìàðêåðà, èáî â ïðîòèâíîì ñëó÷àå àëãîðèòì íå çàâåðøàåòñÿ.

Èíèöèàòîðó ïðèøëîñü ïîëó÷àòü ìàðêåð ñòîëüêî æå ðàç,

ñêîëüêî è îòïðàâëÿòü åãî.

À ïîñêîëüêó ïîëó÷àòü åãî ïðèõîäèëîñü ïî ðàçíûì êàíàëàì, òî

ìàðêåð áûë ïîëó÷åí ïî îäíîìó ðàçó ñ èñïîëüçîâàíèåì êàæäîãî

êàíàëà.
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Âñå êàíàëû, èíöèäåíòíûå èíèöèàòîðó áûëè

èñïîëüçîâàíû ïî îäíîìó ðàçó â êàæäîì íàïðàâëåíèè.

Êàæäûé êàíàë áûë èñïîëüçîâàí èíèöèàòîðîì äëÿ ïåðåäà÷è

ìàðêåðà, èáî â ïðîòèâíîì ñëó÷àå àëãîðèòì íå çàâåðøàåòñÿ.

Èíèöèàòîðó ïðèøëîñü ïîëó÷àòü ìàðêåð ñòîëüêî æå ðàç,

ñêîëüêî è îòïðàâëÿòü åãî.

À ïîñêîëüêó ïîëó÷àòü åãî ïðèõîäèëîñü ïî ðàçíûì êàíàëàì, òî

ìàðêåð áûë ïîëó÷åí ïî îäíîìó ðàçó ñ èñïîëüçîâàíèåì êàæäîãî

êàíàëà.



Àëãîðèòì Òàððè

Äîêàçàòåëüñòâî.
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ìàðêåðà â êàæäîì íàïðàâëåíèè ïî îäíîìó ðàçó.

Äîïóñòèì ïðîòèâíîå. Ïóñòü p � ñàìûé ïåðâûé èç ïîñåùåííûõ

ìàðêåðîì ïðîöåññîâ, äëÿ êîòîðîãî íå âûïîëíÿåòñÿ ýòî

ïðåäïîëîæåíèå. Òàêèì ïðîöåññîì íå ìîæåò áûòü èíèöèàòîð.

Ñîãëàñíî âûáîðó p âñå êàíàëû, èíöèäåíòíûå fatherp , áûëè

èñïîëüçîâàíû ïî îäíîìó ðàçó â êàæäîì íàïðàâëåíèè. Ïîýòîìó

p óæå îòïðàâèë ìàðêåð â ðîäèòåëüñêóþ âåðøèíó.

Çíà÷èò, p èñïîëüçîâàë âñå ñâîè êàíàëû äëÿ îòïðàâëåíèÿ

ìàðêåðà. Ò.ê. ìàðêåð âåðíóëñÿ ê èíèöèàòîðó, ïðîöåññó p
ïðèøëîñü ïîëó÷àòü åãî ñòîëü æå ÷àñòî, ñêîëü è îòïðàâëÿòü.

Íî òîãäà ïî êàæäîìó èíöèäåíòíîìó êàíàëó ïðîöåññ p ïîëó÷àë

ìàðêåð ïî îäíîìó ðàçó. À ýòî ïðîòèâîðå÷èò ñäåëàííîìó

ïðåäïîëîæåíèþ.
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ïðèøëîñü ïîëó÷àòü åãî ñòîëü æå ÷àñòî, ñêîëü è îòïðàâëÿòü.

Íî òîãäà ïî êàæäîìó èíöèäåíòíîìó êàíàëó ïðîöåññ p ïîëó÷àë

ìàðêåð ïî îäíîìó ðàçó. À ýòî ïðîòèâîðå÷èò ñäåëàííîìó

ïðåäïîëîæåíèþ.



Àëãîðèòì Òàððè

Äîêàçàòåëüñòâî.

Äëÿ êàæäîãî ïîñåùåííîãî ìàðêåðîì ïðîöåññà p âñå

êàíàëû, èíöèäåíòíûå p , èñïîëüçîâàëèñü äëÿ ïåðåäà÷è

ìàðêåðà â êàæäîì íàïðàâëåíèè ïî îäíîìó ðàçó.

Äîïóñòèì ïðîòèâíîå. Ïóñòü p � ñàìûé ïåðâûé èç ïîñåùåííûõ

ìàðêåðîì ïðîöåññîâ, äëÿ êîòîðîãî íå âûïîëíÿåòñÿ ýòî

ïðåäïîëîæåíèå. Òàêèì ïðîöåññîì íå ìîæåò áûòü èíèöèàòîð.

Ñîãëàñíî âûáîðó p âñå êàíàëû, èíöèäåíòíûå fatherp , áûëè

èñïîëüçîâàíû ïî îäíîìó ðàçó â êàæäîì íàïðàâëåíèè. Ïîýòîìó

p óæå îòïðàâèë ìàðêåð â ðîäèòåëüñêóþ âåðøèíó.

Çíà÷èò, p èñïîëüçîâàë âñå ñâîè êàíàëû äëÿ îòïðàâëåíèÿ

ìàðêåðà. Ò.ê. ìàðêåð âåðíóëñÿ ê èíèöèàòîðó, ïðîöåññó p
ïðèøëîñü ïîëó÷àòü åãî ñòîëü æå ÷àñòî, ñêîëü è îòïðàâëÿòü.

Íî òîãäà ïî êàæäîìó èíöèäåíòíîìó êàíàëó ïðîöåññ p ïîëó÷àë

ìàðêåð ïî îäíîìó ðàçó. À ýòî ïðîòèâîðå÷èò ñäåëàííîìó

ïðåäïîëîæåíèþ.



Àëãîðèòì Òàððè

Äîêàçàòåëüñòâî.

Ìàðêåð ïîñåòèë âñå ïðîöåññû.

Åñëè áû íàøëèñü ïðîöåññû, êîòîðûå ìàðêåðó íå óäàëîñü

ïîñåòèòü, òî ýòî îçíà÷àëî áû, ÷òî äëÿ íåêîòîðîé ïàðû

ñîñåäíèõ ïðîöåññîâ p è q ìàðêåðó óäàëîñü ïîáûâàòü â p , íî íå

óäàëîñü ïîñåòèòü q .

Íî ýòî ïðîòèâîðå÷èò òîìó, ÷òî ïðîöåññó p ïðèøëîñü

èñïîëüçîâàòü êàæäûé êàíàë â îáîèõ íàïðàâëåíèÿõ. Çíà÷èò

ìàðêåð ïîáûâàë âî âñåõ ïðîöåññàõ, è âñå êàíàëû áûëè

çàäåéñòâîâàíû ïî îäíîìó ðàçó â êàæäîì íàïðàâëåíèè.

�



Àëãîðèòì Òàððè

Äîêàçàòåëüñòâî.

Ìàðêåð ïîñåòèë âñå ïðîöåññû.

Åñëè áû íàøëèñü ïðîöåññû, êîòîðûå ìàðêåðó íå óäàëîñü

ïîñåòèòü, òî ýòî îçíà÷àëî áû, ÷òî äëÿ íåêîòîðîé ïàðû

ñîñåäíèõ ïðîöåññîâ p è q ìàðêåðó óäàëîñü ïîáûâàòü â p , íî íå

óäàëîñü ïîñåòèòü q .

Íî ýòî ïðîòèâîðå÷èò òîìó, ÷òî ïðîöåññó p ïðèøëîñü

èñïîëüçîâàòü êàæäûé êàíàë â îáîèõ íàïðàâëåíèÿõ. Çíà÷èò

ìàðêåð ïîáûâàë âî âñåõ ïðîöåññàõ, è âñå êàíàëû áûëè

çàäåéñòâîâàíû ïî îäíîìó ðàçó â êàæäîì íàïðàâëåíèè.

�



Àëãîðèòì Òàððè

Êàæäîå âû÷èñëåíèå àëãîðèòìà Òàððè çàäàåò â ñåòè îñòîâíîå

äåðåâî (ïî÷åìó? ).

Êîðíåì äåðåâà ñëóæèò èíèöèàòîð, è êàæäûé íå-èíèöèàòîð p ê

ìîìåíòó çàâåðøåíèÿ âû÷èñëåíèÿ óæå çàíîñèò â ïåðåìåííóþ

fatherp ññûëêó íà ðîäèòåëüñêóþ âåðøèíó â ýòîì äåðåâå.

Åñëè òðåáóåòñÿ, ÷òîáû êàæäûé ïðîöåññ îáëàäàë (ê ìîìåíòó

çàâåðøåíèÿ âû÷èñëåíèÿ) ñâåäåíèÿìè î òîì, êàêèå èç åãî

ñîñåäåé ÿâëÿþòñÿ ñûíîâíèìè âåðøèíàìè â ýòîì äåðåâå, òî

ýòîãî ìîæíî äîñòè÷ü îòïðàâëÿÿ ñïåöèàëüíîå ñîîáùåíèå

ïðîöåññó fatherp .



Àëãîðèòìû îáõîäà â ãëóáèíó

Îñîáî èíòåðåñíû àëãîðèòìû ïîñòðîåíèÿ îñòîâíûõ äåðåâüåâ, ó

êîòîðûõ êàæäîå ñòÿãèâàþùåå ðåáðî ñîåäèíÿåò äâå âåðøèíû,

îäíà èç êîòîðûõ âûñòóïàåò â ðîëè ïðåäøåñòâåííèêà äðóãîé.

Ñòÿãèâàþùåå ðåáðî � ýòî ðåáðî, íå ïðèíàäëåæàùåå îñòîâíîìó

äåðåâó.

Äëÿ çàäàííîãî îñòîâíîãî äåðåâà T ñåòè G è äëÿ êàæäîé åãî

âåðøèíû p ìû çàïèñü T [p] áóäåò îáîçíà÷àòü ìíîæåñòâà

âåðøèí ïîääåðåâà, ðàñòóùåãî èç p , à çàïèñü A[p] � ìíîæåñòâî

ïðåäøåñòâåííèêîâ p , ëåæàùèõ â äåðåâå T íà ïóòè èç êîðíÿ â p
. Çàìåòèì, ÷òî q ∈ T [p] ⇐⇒ p ∈ A[q] .

Îïðåäåëåíèå

Êîðíåâîå îñòîâíîå äåðåâî T ñåòè G íàçûâàåòñÿ äåðåâîì

ïîèñêà â ãëóáèíó , åñëè äëÿ êàæäîãî ñòÿãèâàþùåãî ðåáðà pq
âûïîëíÿåòñÿ ñîîòíîøåíèå q ∈ T [p] ∨ q ∈ A[p] .



Àëãîðèòìû îáõîäà â ãëóáèíó

Îñîáî èíòåðåñíû àëãîðèòìû ïîñòðîåíèÿ îñòîâíûõ äåðåâüåâ, ó

êîòîðûõ êàæäîå ñòÿãèâàþùåå ðåáðî ñîåäèíÿåò äâå âåðøèíû,

îäíà èç êîòîðûõ âûñòóïàåò â ðîëè ïðåäøåñòâåííèêà äðóãîé.

Ñòÿãèâàþùåå ðåáðî � ýòî ðåáðî, íå ïðèíàäëåæàùåå îñòîâíîìó

äåðåâó.

Äëÿ çàäàííîãî îñòîâíîãî äåðåâà T ñåòè G è äëÿ êàæäîé åãî

âåðøèíû p ìû çàïèñü T [p] áóäåò îáîçíà÷àòü ìíîæåñòâà

âåðøèí ïîääåðåâà, ðàñòóùåãî èç p , à çàïèñü A[p] � ìíîæåñòâî

ïðåäøåñòâåííèêîâ p , ëåæàùèõ â äåðåâå T íà ïóòè èç êîðíÿ â p
. Çàìåòèì, ÷òî q ∈ T [p] ⇐⇒ p ∈ A[q] .

Îïðåäåëåíèå

Êîðíåâîå îñòîâíîå äåðåâî T ñåòè G íàçûâàåòñÿ äåðåâîì

ïîèñêà â ãëóáèíó , åñëè äëÿ êàæäîãî ñòÿãèâàþùåãî ðåáðà pq
âûïîëíÿåòñÿ ñîîòíîøåíèå q ∈ T [p] ∨ q ∈ A[p] .



Àëãîðèòìû îáõîäà â ãëóáèíó
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Àëãîðèòìû îáõîäà â ãëóáèíó
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ðåáðî



Àëãîðèòìû îáõîäà â ãëóáèíó
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Äåðåâî îáõîäà â ãëóáèíó



Àëãîðèòìû îáõîäà â ãëóáèíó
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Àëãîðèòìû îáõîäà â ãëóáèíó
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Íå ÿâëÿåòñÿ äåðåâîì îáõîäà â ãëóáèíó



Àëãîðèòìû îáõîäà â ãëóáèíó

Çàäà÷à.

Ïðèâåäèòå ïðèìåð ñåòè, äëÿ êîòîðîé îñòîâíîå äåðåâî,

ïîñòðîåííîå àëãîðèòìîì Òàððè, íå ÿâëÿåòñÿ äåðåâîì ïîèñêà â

ãëóáèíó.



Êëàññè÷åñêèé àëãîðèòì îáõîäà â ãëóáèíó

Êëàññè÷åñêèé àëãîðèòì ïîèñêà â ãëóáèíó
ïîëó÷àåòñÿ èç àëãîðèòìà Òàððè, â êîòîðîì
ñâîáîäà âûáîðà î÷åðåäíîãî ñîñåäà äëÿ ïåðåäà÷è
åìó ìàðêåðà îãðàíè÷åíà òðåòüèì ïðàâèëîì
ñëåäóþùåãî âèäà.

R3. Âñÿêèé ðàç, êîãäà ïðîöåññ ïîëó÷àåò ìàðêåð,
îí âîçâðàùàåò åãî íàçàä ïî òîìó æå êàíàëó,
åñëè ýòî íå ïðîòèâîðå÷èò ïðàâèëàì R1 è R2.



Êëàññè÷åñêèé àëãîðèòì îáõîäà â ãëóáèíó

var usedp[q] : bool init false for each q ∈ Neighp ;

fatherp : process init udef ;

Òîëüêî äëÿ èíèöèàòîðà, âûïîëíèòü îäèí ðàç:

begin fatherp := p ; choose q ∈ Neighp ;

usedp[q] := true ; send tok to q end

Äëÿ êàæäîãî ïðîöåññà ïîñëå ïðèåìà tok îò q0:
begin if fatherp = udef then fatherp := q0 ;

if ∀q ∈ Neighp : usedp[q] then decide

else if ∃q ∈ Neighp : (q 6= fatherp ∧ ¬usedp[q])
then begin if fatherp 6= q0 ∧ ¬usedp[q0]

then q := q0
else choose q ∈ Neighp \ {fatherp}

with ¬usedp[q]) ;
usedp[q] := true ; send tok to q

end

else begin usedp[fatherp] := true ; send tok to fatherp end
end



Êëàññè÷åñêèé àëãîðèòì îáõîäà â ãëóáèíó

Òåîðåìà î êëàññè÷åñêîì àëãîðèòìå îáõîäà â
ãëóáèíó

Êëàññè÷åñêèé àëãîðèòì ïîèñêà â ãëóáèíó ñòðîèò îñòîâíîå

äåðåâî ïîèñêà â ãëóáèíó, èñïîëüçóÿ ïðè ýòîì 2|E | îáìåíîâ
ñîîáùåíèÿìè.

Äîêàçàòåëüñòâî.

Ïîñêîëüêó â îñíîâó íàøåãî àëãîðèòìà ïîëîæåí àëãîðèòì

Òàððè, ìû èìååì äåëî ñ àëãîðèòìîì îáõîäà, êîòîðûé

âû÷èñëÿåò îñòîâíîå äåðåâî T . Êàê áûëî óæå óñòàíîâëåíî, ïî

êàæäîìó êàíàëó ïåðåäàþòñÿ äâà ñîîáùåíèÿ (ïî îäíîìó â

êàæäîì íàïðàâëåíèè), è ýòî ñëóæèò îáîñíîâàíèå ñëîæíîñòè ïî

÷èñëó ñîîáùåíèé.

Îñòàåòñÿ óáåäèòüñÿ â òîì, ÷òî äåðåâî, ïîñòðîåííîå â ðåçóëüòàòå

ïðèìåíåíèÿ ïðàâèëà R3, áóäåò äåðåâîì ïîèñêà â ãëóáèíó.



Êëàññè÷åñêèé àëãîðèòì îáõîäà â ãëóáèíó

Òåîðåìà î êëàññè÷åñêîì àëãîðèòìå îáõîäà â
ãëóáèíó

Êëàññè÷åñêèé àëãîðèòì ïîèñêà â ãëóáèíó ñòðîèò îñòîâíîå

äåðåâî ïîèñêà â ãëóáèíó, èñïîëüçóÿ ïðè ýòîì 2|E | îáìåíîâ
ñîîáùåíèÿìè.

Äîêàçàòåëüñòâî.

Ïîñêîëüêó â îñíîâó íàøåãî àëãîðèòìà ïîëîæåí àëãîðèòì

Òàððè, ìû èìååì äåëî ñ àëãîðèòìîì îáõîäà, êîòîðûé

âû÷èñëÿåò îñòîâíîå äåðåâî T . Êàê áûëî óæå óñòàíîâëåíî, ïî

êàæäîìó êàíàëó ïåðåäàþòñÿ äâà ñîîáùåíèÿ (ïî îäíîìó â

êàæäîì íàïðàâëåíèè), è ýòî ñëóæèò îáîñíîâàíèå ñëîæíîñòè ïî

÷èñëó ñîîáùåíèé.

Îñòàåòñÿ óáåäèòüñÿ â òîì, ÷òî äåðåâî, ïîñòðîåííîå â ðåçóëüòàòå

ïðèìåíåíèÿ ïðàâèëà R3, áóäåò äåðåâîì ïîèñêà â ãëóáèíó.



Êëàññè÷åñêèé àëãîðèòì îáõîäà â ãëóáèíó

Äîêàçàòåëüñòâî.

Ñîãëàñíî ïðàâèëó R3 âñëåä çà ïåðâûì ïðîõîæäåíèåì ïî

ñòÿãèâàþùèåìó ðåáðó íåìåäëåííî ñëåäóåò ïîâòîðíîå

ïðîõîæäåíèå â îáðàòíîì íàïðàâëåíèè.

Äîïóñòèì, ÷òî pq � ýòî ñòÿãèâàþùåå ðåáðî, è p � ïåðâûé

ïðîöåññ, âîñïîëüçîâàâøèéñÿ ýòèì ðåáðîì. Ê òîìó ìîìåíòó,

êîãäà ïðîöåññ q ïîëó÷àåò ìàðêåð îò p , ýòîò ìàðêåð óæå

ïîáûâàë â q (èíà÷å q çàíåñ áû â ïåðåìåííóþ fatherq ññûëêó íà

p , è íàøå ðåáðî íå ìîãëî áû ñ÷èòàòüñÿ ñòÿãèâàþùèì) è

usedq[p] èìååò çíà÷åíèå false (ïîñêîëüêó ïî ïðåäïîëîæåíèþ p
áûë ïåðâûì èç ýòèõ äâóõ ïðîöåññîâ, âîñïîëüçîâàâøèìñÿ

óêàçàííûì ðåáðîì).

Ñëåäîâàòåëüíî, ñîãëàñíî ïðàâèëó R3, q íåìåäëåííî âîçâðàùàåò

ìàðêåð ïðîöåññó p .



Êëàññè÷åñêèé àëãîðèòì îáõîäà â ãëóáèíó

Äîêàçàòåëüñòâî.

Ñîãëàñíî ïðàâèëó R3 âñëåä çà ïåðâûì ïðîõîæäåíèåì ïî

ñòÿãèâàþùèåìó ðåáðó íåìåäëåííî ñëåäóåò ïîâòîðíîå

ïðîõîæäåíèå â îáðàòíîì íàïðàâëåíèè.

Äîïóñòèì, ÷òî pq � ýòî ñòÿãèâàþùåå ðåáðî, è p � ïåðâûé

ïðîöåññ, âîñïîëüçîâàâøèéñÿ ýòèì ðåáðîì. Ê òîìó ìîìåíòó,

êîãäà ïðîöåññ q ïîëó÷àåò ìàðêåð îò p , ýòîò ìàðêåð óæå

ïîáûâàë â q (èíà÷å q çàíåñ áû â ïåðåìåííóþ fatherq ññûëêó íà

p , è íàøå ðåáðî íå ìîãëî áû ñ÷èòàòüñÿ ñòÿãèâàþùèì) è

usedq[p] èìååò çíà÷åíèå false (ïîñêîëüêó ïî ïðåäïîëîæåíèþ p
áûë ïåðâûì èç ýòèõ äâóõ ïðîöåññîâ, âîñïîëüçîâàâøèìñÿ

óêàçàííûì ðåáðîì).

Ñëåäîâàòåëüíî, ñîãëàñíî ïðàâèëó R3, q íåìåäëåííî âîçâðàùàåò

ìàðêåð ïðîöåññó p .



Êëàññè÷åñêèé àëãîðèòì îáõîäà â ãëóáèíó

Äîêàçàòåëüñòâî.

Òåïåðü ìîæíî ïîêàçàòü, ÷òî åñëè ðåáðî pq ÿâëÿåòñÿ

ñòÿãèâàþùèì, è åãî âïåðâûå èñïîëüçîâàë ïðîöåññ p , òî

q ∈ A[p] .

Ðàññìîòðèì ïóòü, ïî êîòîðîìó ñëåäîâàë ìàðêåð äî òåõ ïîð,

ïîêà îí íå áûë îòïðàâëåí ïî ðåáðó pq . Ò.ê. pq � ñòÿãèâàþùåå

ðåáðî, ìàðêåð óæå ïîáûâàë â âåðøèíå q äî òîãî, êàê îí äîñòèã

q ïî óêàçàííîìó ðåáðó: . . . , q, . . . , p, q

Ñîêðàòèì ýòîò ïóòü, çàìåíÿÿ âñå ôðàãìåíòû âèäà r1, r2, r1 ,

ãäå r1r2 � ñòÿãèâàþùåå ðåáðî, ôðàãìåíòîì r1 . Òîãäà âñå

ñòÿãèâàþùèå ðåáðà áóäóò óäàëåíû. Ïîëó÷åííûé â ðåçóëüòàòå

ïóòü áóäåò ïóòåì â T , ñîñòîÿùèì òîëüêî èç ðåáåð,

èñïîëüçîâàííûõ ïðåæäå ïåðâîãî îáðàùåíèÿ ê pq .

Åñëè q íå ÿâëÿåòñÿ ïðåäøåñòâåííèêîì p , òî ðåáðî èç q â

fatherq áûëî çàäåéñòâîâàíî ðàíåå, íåæåëè áûëî èñïîëüçîâàíî

ðåáðî qp , âîïðåêè ïðàâèëó R2 íàøåãî àëãîðèòìà. �



Êëàññè÷åñêèé àëãîðèòì îáõîäà â ãëóáèíó

Äîêàçàòåëüñòâî.

Òåïåðü ìîæíî ïîêàçàòü, ÷òî åñëè ðåáðî pq ÿâëÿåòñÿ

ñòÿãèâàþùèì, è åãî âïåðâûå èñïîëüçîâàë ïðîöåññ p , òî

q ∈ A[p] .

Ðàññìîòðèì ïóòü, ïî êîòîðîìó ñëåäîâàë ìàðêåð äî òåõ ïîð,

ïîêà îí íå áûë îòïðàâëåí ïî ðåáðó pq . Ò.ê. pq � ñòÿãèâàþùåå

ðåáðî, ìàðêåð óæå ïîáûâàë â âåðøèíå q äî òîãî, êàê îí äîñòèã

q ïî óêàçàííîìó ðåáðó: . . . , q, . . . , p, q

Ñîêðàòèì ýòîò ïóòü, çàìåíÿÿ âñå ôðàãìåíòû âèäà r1, r2, r1 ,

ãäå r1r2 � ñòÿãèâàþùåå ðåáðî, ôðàãìåíòîì r1 . Òîãäà âñå

ñòÿãèâàþùèå ðåáðà áóäóò óäàëåíû. Ïîëó÷åííûé â ðåçóëüòàòå

ïóòü áóäåò ïóòåì â T , ñîñòîÿùèì òîëüêî èç ðåáåð,

èñïîëüçîâàííûõ ïðåæäå ïåðâîãî îáðàùåíèÿ ê pq .

Åñëè q íå ÿâëÿåòñÿ ïðåäøåñòâåííèêîì p , òî ðåáðî èç q â

fatherq áûëî çàäåéñòâîâàíî ðàíåå, íåæåëè áûëî èñïîëüçîâàíî

ðåáðî qp , âîïðåêè ïðàâèëó R2 íàøåãî àëãîðèòìà. �



Àëãîðèòì Àâåðáàõà

Êëàññè÷åñêèé àëãîðèòì ïîèñêà â ãëóáèíó èìååò áîëüøóþ

ñëîæíîñòü ïî âðåìåíè, ò.ê. âñå ðåáðà ñåòè îáõîäÿòñÿ

ïîñëåäîâàòåëüíî. Ïðè ýòîì ìàðêåð-ñîîáùåíèå îáõîäèò âñå

ñòÿãèâàþùèå ðåáðà è íåìåäëåííî âîçâðàùàåòñÿ. Âî âñÿêîì

ðåøåíèå áîëåå íèçêîé ñëîæíîñòè ïî âðåìåíè ìàðêåð-ñîîáùåíèå

ïðîõîäèò òîëüêî ïî ðåáðàì, âõîäÿùèì â äåðåâî.

Â àëãîðèòìå Àâåðáàõà ïðîöåññ ïðè ïåðåäà÷å ìàðêåðà óæå çíàåò

î òîì, ó êàêîãî èç åãî ñîñåäåé óæå ïîáûâàë ìàðêåð.

Òîãäà ïðîöåññ ëèáî âûáèðàåò êàêîãî-íèáóäü ñîñåäà, íå

ïîëó÷àâøåãî äî ñèõ ïîð ìàðêåð, ëèáî âîçâðàùàåò ìàðêåð â

ðîäèòåëüñêóþ âåðøèíó, åñëè òàêîãî ñîñåäà íåò.



Àëãîðèòì Àâåðáàõà

Êëàññè÷åñêèé àëãîðèòì ïîèñêà â ãëóáèíó èìååò áîëüøóþ

ñëîæíîñòü ïî âðåìåíè, ò.ê. âñå ðåáðà ñåòè îáõîäÿòñÿ

ïîñëåäîâàòåëüíî. Ïðè ýòîì ìàðêåð-ñîîáùåíèå îáõîäèò âñå

ñòÿãèâàþùèå ðåáðà è íåìåäëåííî âîçâðàùàåòñÿ. Âî âñÿêîì

ðåøåíèå áîëåå íèçêîé ñëîæíîñòè ïî âðåìåíè ìàðêåð-ñîîáùåíèå

ïðîõîäèò òîëüêî ïî ðåáðàì, âõîäÿùèì â äåðåâî.

Â àëãîðèòìå Àâåðáàõà ïðîöåññ ïðè ïåðåäà÷å ìàðêåðà óæå çíàåò

î òîì, ó êàêîãî èç åãî ñîñåäåé óæå ïîáûâàë ìàðêåð.

Òîãäà ïðîöåññ ëèáî âûáèðàåò êàêîãî-íèáóäü ñîñåäà, íå

ïîëó÷àâøåãî äî ñèõ ïîð ìàðêåð, ëèáî âîçâðàùàåò ìàðêåð â

ðîäèòåëüñêóþ âåðøèíó, åñëè òàêîãî ñîñåäà íåò.



Àëãîðèòì Àâåðáàõà

Êîãäà ìàðêåð âïåðâûå äîñòàåòñÿ ïðîöåññó p (äëÿ èíèöèàòîðà �

â ìîìåíò çàïóñêà àëãîðèòìà), p îïîâåùàåò êàæäîãî ñîñåäà r ,
êðîìå ðîäèòåëüñêîé âåðøèíû, îòïðàâëÿÿ åìó ñîîáùåíèå 〈vis〉.

Ìàðêåð íå ïåðåäàåòñÿ, äî òåõ ïîð ïîêà p íå ïîëó÷èò ñîîáùåíèå

〈ack〉 îò âñåõ ñâîèõ ñîñåäåé. Ýòî ãàðàíòèðóåò, ÷òî êàæäûé

ñîñåä r ïðîöåññà p îñâåäîìëåí ê ìîìåíòó îòïðàâëåíèÿ ìàðêåðà

ïðîöåññîì p î òîì, ÷òî ýòîò ìàðêåð óæå ïîáûâàë ó p .

Êîãäà ïîçäíåå ìàðêåð äîñòèãíåò r , ïðîöåññ r óæå íå áóäåò
îòïðàâëÿòü ìàðêåð ïðîöåññó p , åñëè òîëüêî p íå ÿâëÿåòñÿ

ðîäèòåëüñêîé âåðøèíîé äëÿ r .



Àëãîðèòì Àâåðáàõà

var usedp[q] : bool init false for each q ∈ Neighp ;

(*Óêàçûâàåò, îòïðàâëÿë ëè p ìàðêåð ïðîöåññó q*)
fatherp : process init udef ;

Òîëüêî äëÿ èíèöèàòîðà, âûïîëíèòü îäèí ðàç:

begin fatherp := p ; choose q ∈ Neighp ;

forall r ∈ Neighp do send 〈vis〉 to r ;
forall r ∈ Neighp do receive 〈ack〉 from r ;
usedp[q] := true ; send 〈tok〉 to q

end



Äëÿ êàæäîãî ïðîöåññà ïîñëå ïîëó÷åíèÿ 〈tok〉 îò q0:
begin if fatherp = udef then

begin fatherp := q0 ;

forall r ∈ Neighp \ {fatherp} do send 〈vis〉 to r ;
forall r ∈ Neighp \ {fatherp} do receive 〈ack〉 from r

end;

if p is the initiator and ∀q ∈ Neighp : usedp[q]
then decide

else if ∃q ∈ Neighp : (q 6= fatherp ∧ ¬usedp[q])
then begin if fatherp 6= q0 ∧ ¬usedp[q0]

then q := q0
else choose q∈Neighp\{fatherp} with ¬usedp[q] ;

usedp[q] := true ; send 〈tok〉 to q
end

else begin usedp[fatherp] := true ; send 〈tok〉 to fatherp end
end

Äëÿ êàæäîãî ïðîöåññà ïîñëå ïîëó÷åíèÿ 〈vis〉 îò q0:
begin usedp[q0] := true ; send 〈ack〉 to q0 end



Àëãîðèòì Àâåðáàõà

Òåîðåìà î àëãîðèòìå Àâåðáàõà

Àëãîðèòì Àâåðáàõà ñòðîèò äåðåâî ïîèñêà â ãëóáèíó çà 4N − 2
åäèíèö âðåìåíè, ïðîâîäÿ ïðè ýòîì 4|E | îáìåíîâ ñîîáùåíèÿìè.



Àëãîðèòì Ñèäîíà

Â àëãîðèòìå Ñèäîíà íå îòïðàâëÿþòñÿ ñîîáùåíèÿ ack, è çà ñ÷åò

ýòîãî óëó÷øàåòñÿ ñëîæíîñòü ïî âðåìåíè. Ìàðêåð îòïðàâëÿåòñÿ

íåìåäëåííî, áåç çàäåðæêè íà äâå åäèíèöû âðåìåíè äëÿ

îæèäàíèÿ ïîäòâåðæäåíèé.

Çäåñü âîçìîæíî âîçíèêíîâåíèå ñëåäóþùåé ñèòóàöèè. Â

ïðîöåññå p óæå ïîáûâàë ìàðêåð, è ýòîò ïðîöåññ óæå îòïðàâèë

ñîîáùåíèå vis ñâîåìó ñîñåäó r .

Ïîçäíåå ìàðêåð äîñòàåòñÿ ïðîöåññó r , íî åùå äî òîãî, êàê vis

îò p äîñòèãëî r . Òîãäà r ìîæåò ïåðåäàòü ìàðêåð ïðîöåññó p ïî

ñòÿãèâàþùåìó ðåáðó.



Àëãîðèòì Ñèäîíà

×òîáû ñïðàâèòüñÿ ñ òàêîé ñèòóàöèåé, ïðîöåññ p çàïèñûâàåò (â

ïåðåìåííóþ lastp ) òåõ ñîñåäåé, êîòîðûì îí â ïîñëåäíþþ

î÷åðåäü îòïðàâëÿë ìàðêåð.

Êîãäà ìàðêåð ïðîõîäèò òîëüêî ïî ðåáðàì äåðåâà, ïðîöåññ p
ïîëó÷àåò â î÷åðåäíîé ðàç ìàðêåð îò òîãî ñàìîãî ñîñåäà lastp . À

â òîì ñöåíàðèè, êîòîðûé áûë îïèñàí âûøå, p ïîëó÷àåò ìàðêåð

îò äðóãîãî ñîñåäà, à èìåííî îò r . Â ýòîì ñëó÷àå ìàðêåð

èãíîðèðóåòñÿ, íî p ïîìå÷àåò ðåáðî rp êàê èñïîëüçîâàííîå, êàê

áóäòî ïî íåìó áûëî ïîëó÷åíî ñîîáùåíèå vis îò r .

Ïðîöåññ r ïîëó÷àåò îò p ñîîáùåíèå vis, ïîñëå òîãî êàê îí

ïåðåäàë ìàðêåð ïðîöåññó p , ò. å. r ïîëó÷àåò ñîîáùåíèå vis îò
ñâîåãî ñîñåäà lastr . Òîãäà r âåäåò ñåáÿ òàê, êàê åñëè áû îí

âîîáùå íå ïåðåäàâàë ìàðêåð ïðîöåññó p , à èìåííî, r âûáèðàåò
ñëåäóþùåãî ñîñåäà è ïåðåäàåò åìó ìàðêåð.



Àëãîðèòì Ñèäîíà

var usedp[q] : bool init false for each q ∈ Neighp ;

(* Óêàçûâàåò, îòïðàâëÿë ëè p ìàðêåð ïðîöåññó q *)

fatherp : process init udef ;

lastp : process init udef ;

Òîëüêî äëÿ èíèöèàòîðà, âûïîëíèòü îäèí ðàç:

begin fatherp := p ; choose q ∈ Neighp ;

forall r ∈ Neighp do send vis to r ;
usedp[q] := true ; lastp := q ; send tok to q

end

Äëÿ êàæäîãî ïðîöåññà ïîñëå ïîëó÷åíèÿ vis îò q0:
begin usedp[q0] := true ;

if q0 = lastp then (* Èñòîëêîâûâàòü êàê ñîîáùåíèå tok *)

forward tok message as upon receipt of tok message

end



Äëÿ êàæäîãî ïðîöåññà ïîñëå ïîëó÷åíèÿ tok îò q0:
begin if lastp 6= udef and lastp 6= q0 then usedp[q0] := true

(* Ýòî ñòÿãèâàþùåå ðåáðî, èñòîëêîâûâàòü êàê ñîîáùåíèå vis *)

else(* Ïîñòóïàòü, êàê â ïðåäûäóùåì àëãîðèòìå *)

begin if fatherp = udef then
begin fatherp := q0 ;

forall r ∈Neighp\{fatherp} do send vis to r
end ;

if p � èíèöèàòîð and ∀q ∈ Neighp : usedp[q]
then decide

else if ∃q ∈ Neighp : (q 6= fatherp ∧ ¬usedp[q])
then begin if fatherp 6= q0 ∧ ¬usedp[q0]

then q := q0
else choose q ∈ Neighp \ {fatherp}

with ¬usedp[q] ;
usedp[q] := true ; lastp :=q; send tok to q

end

else begin usedp[fatherp] := true; send tok to fatherp
end

end

end



Àëãîðèòì Ñèäîíà

Òåîðåìà î àëãîðèòìå Ñèäîíà

Àëãîðèòì Ñèäîíà ñòðîèò DFS äåðåâî çà 2N − 2 åäèíèöû

âðåìåíè, èñïîëüçóÿ 4|E | îáìåíîâ ñîîáùåíèÿìè.



Çàäà÷è

1. Ïðåäïîëîæèì, ÷òî åñòü æåëàíèå èñïîëüçîâàòü âîëíîâîé
àëãîðèòì â ñåòè, â êîòîðîé âîçìîæíî äóáëèðîâàíèå
ñîîáùåíèé.

I Êàêèå èçìåíåíèÿ íóæíî âíåñòè â àëãîðèòì ýõà?
I Êàêèå èçìåíåíèÿ íóæíî âíåñòè â àëãîðèòì Ôèííà?

2. Àäàïòèðóéòå àëãîðèòì ýõà äëÿ âû÷èñëåíèÿ ñóììû âõîäíûõ

äàííûõ âñåõ ïðîöåññîâ.



ÊÎÍÅÖ ËÅÊÖÈÈ 7.


